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To Lucy, on her birthday 
Much recent work in geometric group theory has focussed on those properties 
of groups which are invariant under quasi-isometry. We shall show that some 
of these properties are preserved under passage to a quotient group, as long as 
the kernel is a non-elementary word hyperbolic group. For example (all terms are 
defined below): 
Theorem A. Given a short exact sequence ofjinitely generated groups 
such that K is non-elementary word hyperbolic, if G is hyperbolic (resp. combable; 
asynchronously combable), then so is H. If G and H are finitely presented then the 
isoperimetric function of H is dominated by the isoperimetric function of G. 
Theorem A is a consequence of the following more technical result. 
Consider a surjective homomorphism p : G + H of finitely generated groups. A 
quasi-isometric section is a subset C c G mapping onto H such that for any 
69’ E c, 
f d,(pg,pg’) - E I ddg, 9’) 5 d-&sw’) + ~7 
where do and dn are word metrics and K 2 1, E 2 0 are constants. A “single-valued” 
quasi-isometric section 0: H + G may also be defined, by choosing a single element of 
Z representing each coset of the kernel of p. Following [2], we say that H is 
a quasi-retract of G if there exists a quasi-isometric section. 
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Theorem B. Let P be any property of groups which is preserved under passage to 
quasi-retracts. Given a short exact sequence offinitely generated groups 
l+K-+G+H+l 
with non-elementary word hyperbolic kernel K, if G satisfies P then H satis$es P. 
One scenario where Theorems A and B apply is when G = Aut(K), H = Out(K), 
and K has trivial center (or one could let H be a subgroup of Out(K) and G the 
corresponding subgroup of Aut(K)). For example, when S is a closed surface of 
negative Euler characteristic, then taking K = rcl(S,p) we have Out(K) = &%C!3(S), 
the mapping class group of S, and Aut(K) = &‘%Z%(S, p) the mapping class group of 
the surface punctured at the base point p, yielding the following short exact sequence 
c41: 
1 + 7t1(S,p) + J?%%Y(S,p) +&%?%(S) + 1. 
In [ll], an automatic structure for &%TY(S,p) is constructed, hence ~.4%?ls(S,p) is 
combable, and applying Theorem A it follows that &%9(S) is combable. While 
automaticity is not known to be a quasi-isometry invariant, let alone invariant under 
passage to a quasi-retract, nonetheless in [ 111, using Theorem A together with some 
extra work, it is proved that &%‘%(S) has an automatic structure. 
Theorem B follows immediately from: 
Quasi-isometric section lemma. Given a non-elementary word hyperbolic group K and 
a short exact sequence offinitely generated groups 
l-K-G&H-l 
the map p has a quasi-isometric section Z. In fact, choosing a symmetric generating set 
B for G and letting pB be the generating set for H, then for all g,g’ E Z, 
dn(pg,pg’) I do(g,g’) 5 ndn(pg,pg’) + e 
for some constants tc 2 1, s 2 0. 
When K is finite the lemma is trivially true, but the lemma can fail when K has an 
infinite cyclic subgroup of finite index, as we shall show later with an example. 
Proof. We shall review the definitions and certain properties of hyperbolic groups 
and their boundaries, after which the proof of the lemma will be very short. 
Given a group r, a generating set is a set A and a map A + r denoted a + a, such 
that each element of r can be represented as a product Cl .ea tin for some word 
al . . . a, in the elements of A, with the empty word representing the identity element 
id. The map a + d need not be injective. A generating set A is symmetric if there is an 
involution of A denoted a -+ a-l such that the equation (a)- l = F holds in r. There 
is a left invariant word metric dr(g,g’) which is the minimum length of a word 
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representing g-lg’. A geodesic in r is any sequence (g.), finite, half-infinite, or 
bi-infinite, such that dr(gm,gn) = 1 m - n 1 for all m, n in the domain of the sequence. 
A finite geodesic from x E r to y E r is denoted q. The group r is word hyperbolic if 
there exists 6 2 0 such that all triangles are b-thin, i.e. for any geodesic triangle 
T = ~UJEUZX, the side q is contained in the 6 neighborhood of LS;UFX The 
identity element of r is also called the origin of r. 
A word hyperbolic group r is elementary if it is finite or has an infinite cyclic 
subgroup of finite index. 
We shall need some facts about the boundary of a word hyperbolic group: 
Proposition. Zf K is a word hyperbolic group, there is a compactijication K = K v aK, 
such that: 
(1) K is non-elementary if and only if aK contains at least three points. 
(2) R is compact and metrizable, K is dense and open, and aK is closed; let d,- denote 
a$xed metric (the restriction to K is not the same as dK). 
(3) For any two points 5,~ E aK there is a bi-infinite geodesic 5 = (gn) in K whose 
ends converge in K to <, n, respectively. That is, lim,, _ o3 gn = 5 and lim,, + a, gn = q. 
(4) For any two sequences (&),(n,,) in aK with n 2 0, the sequence dg(&j,,,nJ con- 
verges to 0 if and only tf the dK distance from the origin to the geodesic 5,1, goes to 
infinity. 
(5) The action of Aut(K) on K extends to a continuous action on K. 
(6) Given k E K, consider the inner automorphism &‘,Jg) = kgkk’. Then the 
homomorphism K H Aut(K) taking k to dk induces a convergence group action of K on 
aK. 
Proofs for all but the last property can be found in the standard texts, for example 
[6, lo]. The convergence group property is proved in [S]. Recall that this means for 
any l-l sequence ki E K, after passing to a subsequence there are points t_, [+ E aK 
such that the action of ki on aK - {&} converges uniformly on compact sets to the 
constant map with value t +, and the action of k; 1 on aK - (< + > converges uniformly 
on compact sets to the constant map with value t_; we will say that 5_ is the source 
and <+ is the sink for the sequence ki. Note that [B] proves the convergence 
group property for the left action of K on itself, 2’,+(g) = kg, which extends to 
a continuous action on K. However, _!Zk and the conjugation action JLI~ induce 
the same map on aK, because if gn is a sequence in K converging to some < E aK, 
then kg, and kg,k-’ converge to the same point of aK, which we therefore denote 
either dk5 or _.Yk5. 
Consider any triangle T = ~uJEu~ with vertices in K, no two being the same 
point in aK. Then T is b-thin in the metric dz, after possibly enlarging the value of 6; 
the proof is an exercise using the fellow traveller property for geodesics in word 
hyperbolic groups, and using the fact that for each vertex of T the two sides of 
T converging to that vertex are eventually within a fixed distance of each other, 
depending only on 6. Hence, T has an approximate barycenter, which is a point w such 
that the d,-ball of radius 6 + 1 around w intersects all three sides of T; the point 
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w may be taken to be a point on Q where the closest point to vu??? switches from 
being on v to being on ZX. 
Extending the notation dk, the action of 4 E Aut(K) on 8K will be denoted 
&$:aK +aK. 
Let Y be the triple space of aK, the space of all distinct triples 5 = (tr, t2, t3) in aK. 
By property (l), Y is non-empty. The action of 4 E Am(K) on aK induces an action 
on Y-, still denoted ~2~. The induced action of K on Y is properly discontinuous and 
cocompact, by classical arguments which we reproduce here. 
Suppose we are given a l-l sequence k, in K and c = (t1,t2, c3) E Y. Pass to 
a subsequence of (k,) with source x _ and sink x + in aK. If 5 has two coordinates distinct 
from both x_ and x+, say [I and t2, then dkJ, and dk.r2 both converge to x,; 
whereas if, say, r1 = x_ and t2 = x+, then JzZ~.~~ and dkOt3 both converge to x+. In 
either case, the sequence ~2~~5 diverges to infinity in Y-, i.e. it leaves every compact 
subset of Y. Now Y is properly metrizable, so that closed balls are compact. It follows 
that for any two compact sets CO, C1 c Y-, there are only finitely many elements k E K 
such that COndkC1 # 0, i.e. the action of K on Y is properly discontinuous. 
Next we show the action of K on Y is cocompact, i.e. there exists a compact set 
C c Y whose translates by K cover Y-; any such set C is called a fundamental domain 
for the action of K on Y. Define C to be the closure of all 5 = ([r, t2, r3) such that, for 
some geodesic triangle T, = guava, the origin of K is an approximate 
barycenter of T<. The set C is a compact subset of Y-, for if r E C then all three sides of 
T, are within dK distance 6 + 1 of the origin, hence by (4) of the proposition there is 
a uniform lower bound for the d,- distance between any two vertices of Tc. And for any 
l E F-, choose k E K, so that 9’k takes an approximate barycenter of T, to the origin, 
hence .&,Jl) = JZ~ (0 E C. 
Now we prove the lemma. Choose a finite, symmetric generating set B for G. By 
composing with p: G + H we may also use B as a generating set for H. The inequality 
d&g,pg’) I dG(g, g’) is true for any g,g’ E G. 
Consider the short exact sequence 1 + K --f G&H + 1. Since K is a normal sub- 
group of G, the group G acts on K by automorphisms, hence also on aK and on .Y-; the 
action of g E G is denoted JZ$. The section C c G will depend on two choices: a point 
r E Y, and a fundamental domain C c Y. Define C to be the set of all g E G such that 
To see that C maps surjectively to H, note that since C is a fundamental domain, then 
the sets (&kc 1 k E K} cover Y. For each g E G, it follows that the sets 
dgk C = JJ~(zz’~ C) also cover Y, so 5 E z&‘~~ C for some k. Thus, some representative of
the coset gK = Kg is in C, so pC = H. 
Now consider g, g’ E C, so 
2J&ndg*C # 0, 
since both contain the point 5. Hence, 
Cn&+,,C # 0. 
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To prove C is a quasi-isometric section, it suffices to assume d&g, pg’) I 1 and prove 
that &(g,g’) I K for some constant rc. Since &(pg,pg’) I 1, there exists k E K and 
a E G such that a is either the identity or a generator and 
g-lg’ = ka, 
so 
CrLd~,C = Cnd&&C) # 8. 
We claim that there are only finitely many elements ka for which this is true. Since G is 
finitely generated there are only finitely many choices for a; and for each such a, since 
K acts properly discontinuously there are only finitely many k E K such that 
Cn&, (xz’~C) # 8, proving the claim. Thus, &(g,g’) = d,(id, ka) is bounded. 0 
Now we prove the main theorems. Theorem B is an immediate corollary of the 
Quasi-isometric section lemma. To prove Theorem A we go through the given list of 
properties and prove that they are preserved under passage to a quasi-retract. It has 
become folklore that many of these properties are preserved under passage to retracts. 
The proofs we offer show that in most cases only a quasi-retract is needed; we note 
below that bicombability is an exception to this rule. 
As in the proof of the lemma, fix a finite symmetric generating set B for G, and 
projecting via the map p: G + H we may also regard B as a generating set for H. In 
order to avoid confusion we write pB for the generating set on H, and given a word 
w in the generators B we write p(w) for the corresponding word in the generators pB. 
We assume that 0: H + G is a single-valued quasi-isometric section, with 
d&r, h’) I d&(h), a(K)) I rc&(h, h’) + 6. 
If necessary we also pick a finite defining set of relators RG for G, and a defining set of 
relators RH for H which for concreteness is the union of RG with a set of words 
representing a finite generating set for K. 
First we do isoperimetric functions; a proof is implicit in [l]. Let RelG be the set of 
all relators for G, so Rel, is the normal closure of RG in the free group F(B). Given 
w =gr . . . g,, in RelG, define Areao(w) to be the minimum number of defining relators 
needed to reduce w to the identity. Formally, Areac(w) is the smallest number a for 
which we may write 
w = fi YaGY2 
a=1 
where the equation holds in the free group F(B), I, E RG is a defining relator, and ya is 
some element of F(B). The isoperimetricfinction of G, also called the Dehnfunction, is 
defined by &(n) = Max {Areac(w) 1w E Relo, Length(w) I ri}. Given two functions 
Jg:N+ N, we write f $ g, and say that f is dominated by g, if there are constants 
a, /3,y, 8,s EN such that f(n) I ag(/?n + y) + Sn + E for all n EN. This relation 
generates an equivalence relation identifying all linear functions, all polynomial 
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functions of a given degree, and all exponential functions; the isoperimetric function of 
a finitely presented group is well-defined up to equivalence, independent of the choice 
of presentation. 
Let $c, -OH be the isoperimetric functions of G and H. Consider a word b = bI . . . bN 
in the set RelH of all relators for H, i.e. all words in the letters pB representing the 
identity in H. Since H is a quasi-retract of G, we may choose words kI, . . . , kN in the 
generators of G having length bounded by fi, say, such that a(6i . . . 6,) = 
o(61 . . . 6,_& for n = 1, . . . , N; when n = 1 this equation says o(&) = a(id)iil, 
where id denotes the identity in H. In G we therefore have a(id) = a(6) = 
a(id)Er . . . iiN, so w = kI . . . kN is a relator for G of length at most PN, and hence 
Areac(w) I &( /3N). Since each defining relator of G projects to a defining relator for 
H, then Area&(w)) < J&(/IN). However, p(w) = p(k,) . . . p(k,) is not the same as 
the original word bI . . . bN. But p(k,) is a word of length at most /3 representing the 
same group element of H as the generator b,, hence as n varies the relators in the list 
b; 1 k, have length at most /? + 1, so their areas have a finite upper bound, say 6. Thus, 
Area,(b) I &(/3N) + 6N. This proves the statement of Theorem A about isoperi- 
metric functions. 
Since word hyperbolic groups are characterized by having a linear isoperimetric 
function [6], this also also proves Theorem A for word hyperbolic groups. 
Now we consider the various types of combings. At the most primitive 
level, a combing of G is just a set of words L in the generators B such that L maps 
surjectively to G; in the literature it is sometimes required that the map L + G 
be a bijection, but we shall not adopt this convention. Given a word w = g1 . . . gN, 
we denote 1 w 1 = N, also w(t) = g1 . . . gt if t I 1 WI, and w(t) = w otherwise. 
The combing L satisfies the fellow traveller property if for any two words w, v E L, 
if &(W, V) I 1 then for all t 2 0, @w(t), 6(t)) I C where C is a constant called the 
fellow traveller constant; we also say that L is a synchronous combing. A combing L is 
short if for any w, v E L, if dc(w, V) I 1 then 1) w 1 - 1 v 11 I K for some constant K. We 
say that G is combable if it has a short synchronous combing (the usage of the term 
“combable”varies in the literature; often the shortness condition is dropped; our use is 
consistent with [7]). A combable group satisfies a quadratic isoperimetric inequality 
c71- 
Given a combing L of G, define a combing L’ of H to consist of all words p(w) such 
that w E L and W E a(H). First we show that if L satisfies the fellow traveller property, 
then so does L’. Suppose that C is a fellow traveller constant for L. Given 
- - 
p(w),p(v) E L’ such that &(P(W),$$) I 1, then &(w, v) I K + E. From the fellow 
traveller property for L it follows that &(W(t),U(t)) I C(K + E). Evidently --- 
p(w(t)) = p(w(t)) = p(w)(t), so d,(po(t),po(t)) I C(K + E), showing that C(K + E) 
is a fellow traveller constant for L’. A similar proof shows that if L is short, with 
shortness constant K as above, then L’ is short with shortness constant K(K + E). 
Thus, combability of a group is preserved under quasi-retracts. 
Note that we may also obtain a combing by taking all words p(w) such that W E Z;. 
The advantage of restricting further to o(H) c C is that the resulting combing 
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represents each element of H uniquely if the combing of G does so; the disadvantage is
that the section (T may not be natural, since it involves making an arbitrary choice 
from the intersection of C with each coset of K. 
A combing L satisfies the asynchronous fellow traveller property if there is a 
fellow traveller constant C and an asynchronous constant M such that for any v, 
- - 
w E L such that &(v, w) I 1, there exist sequences 0 = m. I ml I ... mJ and 
O=noInI I ... In, such that &(ti(mj), c(nj)) I C, and 1 mj - mj- 11 I a, 
1 nj - nj- 1 1 I ct. A group G is asynchronously combable if it has a combing satisfying 
the asynchronous fellow traveller property. Mimicking the above proof, if L is 
a combing of G satisfying the asynchronous fellow traveller property with fellow 
traveller constant C and asynchronous constant LX, then the combing L’ of H satisfies 
the asynchronous fellow traveller property with fellow traveller constant C(K + a) and 
asynchronous constant LX. Thus, asynchronous combability of a group is preserved 
under quasi-retract. 
Other properties of combings are also preserved under passage from L to L’. For 
instance, the lengthfinction of L [S] is the functionf(n) which is the largest length of 
a combing path w such that d,(id, W) 5 n. If a synchronous combing is quasi-geodesic 
(e.g. if the combing is an automatic structure), then its length function is linearly 
dominated [7]. If a combing is short then its length function is linearly dominated. If 
a synchronous combing has length functionf(n), then the isoperimetric function of the 
group is dominated by nf(n) [S]. With the notation from above, it is easy to prove that 
iff(n) dominates the length function of the combing L of G thenf(rcn + E) dominates 
the length function of the combing L’ of H. In particular, if L has linearly dominated 
length then so does L’. 
We have also tried to verify theorem A for other properties of groups, in particular 
weak semihyperbolicity [3] and bicombability [7]. 
Recall that a group G is weakly semihyperbolic if it has a synchronous (non- 
equivariant) bicombing by quasi-geodesics ( ee [3] for a formal definition). We cannot 
prove that weak semihyperbolicity is preserved under passage to a quotient p: G -P H 
with a quasi-isometric section rr: H --f G, because if s is a quasi-geodesic in G with 
endpoints in a(H), the path p 0 s may have long subsegments whose endpoints have 
a small distance, despite the fact that the distance between the endpoints of the entire 
path p 0 s is proportional to the length of the path. However, if we assume that o(H) is 
quasi-convex in G, then weak semihyperbolicity of G implies weak semihyperbolicity 
of H. Also, if the definition of weak semihyperbolicity isweakened further by dropping 
the quasi-geodesic property and requiring only that bicombing paths have linearly 
bounded length, and if G has such a bicombing, then so does H; in [3] it is noted that 
many properties of weakly semihyperbolic groups are still satisfied using this even 
weaker notion. 
Also, recall that a group G is bicombable if it has a synchronous, short, equivariant 
bicombing L, which means that L and L-’ = {w-i I w E L} are synchronous, short 
combings of G [7]. Given a quotient p: G + H with quasi-isometric section Q: H + G, 
if L’={wEL~@E~(H)}, we cannot prove that p(L’) is a bounded synchronous 
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bicombing of H. However, if it is true that p(C)-’ = p(L’-‘) then the proof goes 
through. Hence, if H is a retract of G, then the proof goes through and bicombability 
of G implies bicombability of H, because any retract is a quasi-retract as well. As 
a special case, we note the following unpublished result of Gersten and Short: 
Proposition. Direct factors of bicombable groups are bicombable. 
Examples of virtually cyclic kernels. In this section we shall give two examples of 
virtually cyclic extensions which together show that the Quasi-isometric section lemma 
can succeed or fail, depending on the extension. Both examples are cyclic central 
extensions, which is the main case of interest. I would like to thank Martin Bridson for 
suggesting the second example. 
For the first example, let S be a closed, oriented hyperbolic surface and TS its unit 
tangent bundle, so the projection map TS + S is a circle bundle with Euler number 
x(S). This projection induces a cyclic central extension 
1 -+ Z + xl(TS) -+ x1(S) + 1. 
We shall prove that this extension has a quasi-isometric section (see also [9,3] which 
prove the stronger result that xl(TS) is quasi-isometric to Z x rcl(S)). 
The universal cover of S is Hz, and the universal cover of TS is FH2, the cyclic 
cover of the unit tangent bundle TH2. There are bi-Lipschitz equivalences 
q:rcl(S) -+ H2 and Tq:x,(TS) -+ FH2 so that the following diagram commutes up to 
a map which moves points a bounded distance: 
nl(TS)LTH2 
I I 
dS) & HZ 
Thus, it suffices to construct a quasi-isometric section a:H2 + TH2. The term 
“tangent vector” will be used to refer to an element of TH2. Choose a base point 
p E H2 and a tangent vector t at p. For any 4 E H2, let t be parallel translated along the 
geodesic from p to 4; the resulting tangent vector at 4 is o(q). To prove that this is 
a quasi-isometric section, consider two points q,q’ E HZ. The vectors aq and oq’ are 
related as follows: along the geodesic g between 4 and q’, let 09 rotate a total amount 
equal to the signed area of the triangle Apqq’, and the result upon reaching q’ is the 
vector aq’. Since the area of triangles in H2 is bounded by rc, the amount of rotation is 
bounded by n. The path generated in TH2 has length at most Length(g)2 + n2, 
proving that (r is a quasi-isometry. 
For the second example, let S be the flat torus obtained as the Euclidean plane E2 
modulo the lattice Z2, and let M + S be a circle bundle with Euler number 1. This 
projection defines a cyclic central extension 
1 +Z+ nI(M) -+ nI(S) -+ 1. 
We shall prove that this extension has no quasi-isometric section. 
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The 3-manifold M has NIL-geometry [12]. We model NIL on R3 with x,y,t 
coordinates, by letting p:R3 + EZ be the the standard projection onto the x,y 
coordinates, and choosing a connection for the bundle map p with the property that 
for any closed path y : [0, l] --t E ‘, and for any horizontal lift 7: [0, l] + R3, the height 
difference t = F(l) - F(O) is equal to the signed area enclosed by the curve y. Note that 
the NIL metric, when restricted to a vertical affine plane P c R3, yields the usual 
Euclidean metric on P, and P is totally geodesic in NIL. 
There exist bi-Lipschitz equivalences 4: xl(S) + E2 and Tq: TC~(M) + NIL such that 




%(S) & E2 
Thus, to prove that there is no quasi-isometric section nr(S) + rri(M), it suffices to 
prove there is no quasi-isometric section E2 --t NIL of p. 
Suppose there is a quasi-isometric section 0 : E 2 + NIL of p, with d(oa, ab) I Kd(a, b) 
+ L for any a, b E E2 (on first reading one might want to think of p as continuous, 
though this is not necessary). Let Qn be a square in E2 with sides of length n parallel to 
the x,y axes. For each side CI of Q,,, the line containing CL lifts to a totally geodesic 
Euclidean plane P c NIL, and CJ(CI) c P has diameter at most nK + L. Hence o(a) 
deviates vertically at most S’(n) from a horizontal path in P, where 
K’(n) = JK2 - 1 + 2KL/n + L2/n2. In other words, if fl c P is the horizontal path 
with the same initial point as a(a), then the opposite endpoints of o(a) and /I lie on the 
same vertical ine and have height difference at most nK’(n). Viewing aQ,, as the image 
of a continuous path p: [O, l] + E2, the “curve” 0 op therefore deviates vertically at 
most 4nK’(n) from the horizontal lift ~7 of p. The endpoints p”(O),@(l) have height 
difference n2, so the endpoints sop(O), 0 0 p(1) have height difference greater than 
n2 - 4nK’(n). This quantity is positive if n is large enough, because K’(n) is bounded. 
Therefore for 12 sufficiently large we have (r 0 p(0) # g 0 p( 1). But this is a contradiction, 
because p(0) = p(1) (i.e. oop is a “closed curve”). 
It might be interesting to study cyclic central extensions 1 +Z + G + H + 1, in 
order to determine conditions under which there is a quasi-isometric section. These 
examples indicate that the conditions might be related to geometric properties of the 
cohomology class in H2(H,Z) defining the extension. Gersten [9] has shown that if 
the cohomology class is bounded, then G is quasi-isometric to Zx H, in which case 
there is a quasi-isometric section. Gersten’s result raises some specific questions: If 
a cyclic central extension has a quasi-isometric section, is it quasi-isometric to 
a product? Is the extension defined by a bounded cohomology class? One might also 
ignore quasi-isometric sections, and directly attack the question: if G is combable, 
is H? 
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